Architecture Definition, which is central to system design, is one of the two most used technical processes in the practice of model-based systems engineering. In this paper a fundamental approach to architecture definition is presented and demonstrated. The success of its application to engineering problems depends on a precise but practical definition of the term architecture. In the standard for Architecture Description, ISO/IEC/IEEE 42010:2011, a definition was adopted that has been subsumed into later standards. In 2018 the working group JTC1/SC7/WG42 on System Architecture began a review of the standard, holding sessions late in the year. This paper extends and complements a position paper submitted during the meetings; in which Tarski model theory in conjunction with ISO/IEC 24707:2018 (logic-based languages) was used to better understand relationships between system models and concepts related to architecture. Definitions of architecture and system are now offered independent of the working group that have a mathematical foundation but are stated in simple intuitive terms. The nature of the definitions supports a fundamental expression of architecture definition that can be applied throughout the system lifecycle. The engineering utility and benefits to complex system design are demonstrated in a diesel engine emissions reduction case study.
I. INTRODUCTION
Architecture is key to the modern practice of engineering but in many ways, a precise practical definition has been elusive if not ineffable. The term would be understood by a general audience as a property of buildings or large scale structures. Although understanding architecture in this way is intuitive and useful, it lacks the precision needed for application to engineering problems. The position taken in this paper is the same as the one taken with JTC1/SC7/WG42 in late 2018: a prose definition of a technical term should be complemented by a mathematical interpretation [1] . This is essential for specifying any architecture definition process for engineering and scientific problem solving.
A. UBIQUITY OF THE ARCHITECTURE METAPHOR
In civil engineering, architecture relates a building's function (purpose), form (how its spaces are organized to meet the purpose) and construction (what it is built from and how it is built). Beyond the design and construction of buildings, architecture has found a place in many other different disciplines, serving as a readily apprehended metaphor by which the native 'structures' of a subject can be understood.
Although architectural ideas are now prevalent in disciplines as diverse as building, systems engineering, management science, biology and mathematics; there is no consensus on terminology or meaning -there is common ground but there is no unity. The potential of achieving precise unified definitions by means of a formal approach, and the benefits of so doing have been long recognized in, for example: (i) the foundational work of Bertalanffy [2] , which was inclusive of many mathematical expressions of systems concepts; (ii) Wymore's codification of model-based systems engineering (MBSE) [3] , which expressed a programme for systems engineering; and (iii) Rosen [4] , who was perhaps the first to recognize the possibility of using Category Theory for systems and scientific problem solving. The authors have also long recognized and investigated formal approaches in: (i) using architecture to develop and acquire mission level capabilities [5] ; (ii) interpretation of an adopted definition of 'system' as a Hamiltonian system in physics [6] ; and (iii) more recently the Wilkinson polemic paper [7] .
In a shift from a narrow systems orientation, recent standardization efforts within JTC1/SC7/WG42 have started to apply the term architecture to entities not normally considered to be systems. Note however, that it is not the purpose of this paper either to report on such work or to critique it. Rather the purpose is to offer definitions of architecture and system which are complemented by mathematical interpretation that can be: (i) used for specification of technical definition processes; and (ii) exploited in engineering practice and in relevant standards.
B. PROBLEMS OF NATURAL LANGUAGE DEFINITIONS
The ambiguities introduced by using natural language in the definition of technical terms can be reduced and possibly resolved by introducing languages that are more precise or formal; the predicate calculus of logic being just one. An issue though is that such languages may not be accessible to a general audience or to the stakeholders in a discipline.
The pioneers of digital computer architecture, e.g. Brooks [8] proposed a resolution to this issue that remains valid today,
"One needs both a formal definition of a design, for precision, and a prose definition for comprehensibility."
This idea was adopted as a 'principle' by Dickerson and Mavris [9] and will be adapted to reason about the terminology of architecture and systems for use in engineering. The term design will be replaced by the term concept, and prose will be taken to mean natural language. Concordance between the two types of definitions will be achieved by interpreting natural language into mathematical logic and models. The primary challenge in this approach is to preserve concordance between comprehensibility and precision without losing either.
The position paper [1] put forward to the working group JTC1/SC7/WG42 in late 2018 applied this principle to the currently adopted definition of (System) Architecture [10] . As previously mentioned, ongoing work within WG42 is generalizing this definition to refer to entities other than systems.
It was argued in the position paper that there is a need for distinction between key terms such as: concept, property, embodiment, element, and relation. Based on Tarski model theory [11] [12] , an initial attempt to refine the wording of the currently adopted definition was made to illustrate how a better distinction could be achieved.
Using mathematical terminology for object, property, class, type, and structure (see Appendix I for further details); fundamental definitions are now offered independent of the working group that can be used to make a distinction between key terms yet express an intimate relation between architecture and structure. The first definition proposed is:
Structure is junction and separation of the objects of a collection that expresses a defining property of the collection.
This definition is at a higher level of abstraction than that of the currently adopted definition of architecture but is readily applicable to physical examples. In civil engineering for example, a building is a collection of objects that includes rooms, which are joined together and separated to achieve a defined purpose. The building in civil engineering is referred to as a structure.
Mathematical objects are used in the definition because they are abstractions that are only constrained by the properties they possess, e.g. functional, physical, or temporal properties. Note that elements (of a set) are mathematical objects. 'Elements' is a usage in alignment with the currently adopted definition of architecture. Objects can also be members of a category in which the structure of a mathematical space is expressed through mappings (or morphisms) that partition the space into cosets (e.g. the even and odd numbers in the group of integers). (Refer to Appendix I.) It should also be noted that although the term structure is used widely in the engineering community, there is no common definition offered in current relevant standards.
In specific domains such as software engineering, a term such as stable binding is often used instead of junction. Thus, the proposed definition of structure accommodates ideas such as stable bindings of static objects, instantaneous bindings (events), as well as dynamic behavior. It is also worth noting that most definitions of structure only mention some form of junction; and are silent on separation. However, these two terms in the definition should be on an equal footing. For example, whenever a system boundary is defined, a collection of objects of interest are separated into members of the system and members of an environment.
Structure therefore expresses a relation among the objects of a collection. The general character of this relation is a specialized property which is referred to as a type. In software engineering, the term classifier is often used instead of type. This leads to the second definition:
Architecture is structural type in conjunction with consistent properties that can be implemented in a structure of that type.
Such properties are said to be architectural properties. Note then that every architecture is associated with at least one architectural property; its structural type. Architectural properties can constrain and further specify structure. An example was investigated in detail in the position paper [1] .
The association of a structural type with a collection of architectural properties in the proposed definition of Architecture can then be represented as an ordered pair. This is similar to saying that the properties are embodied in the structure but is more mathematically precise. This construct can also provide a formal underpinning to architecture frameworks, which are commonly visualized as a matrix. Each row can be defined by one or more architectural properties and each column can be a structural type, with the intersection (a cell in the matrix) defining a class of architecture that implements the architectural properties in a way that is consistent with the structural type. An example is given in Section IV-A where the functionality of a system is implemented in two different structures of the same type. (See also Appendix II.)
The fundamental definitions offered in this paper will be referred to as 'axiomatic definitions'. They are subsistent in the sense of being an economical choice of generally understandable words that have mathematical interpretation. The underlying concepts are ultimately founded in Category theory. (See Appendix I-C for further details.)
The axiomatic definition of Architecture complements one of System:
A System is a set of interrelated elements that comprise a whole, together with an environment. This definition is adapted from a mathematically based one cited by Bertalanffy [2] . The environment is on an equal footing with the system; but the system need not belong to the environment. However, by using the term 'set', a class is presumed to which the set belongs.
When a structure of the interrelations has been identified or defined, the set is said to be endowed with an interrelational structure. (Note: mathematicians use the term endowed for the pairing of a set with a relational structure.) Thus, a system is a set of elements endowed with a structure that is of an interrelational type. In this sense, system is a realization of architecture. It will also be seen that the interrelational structure of a system can be used to specify architecture. The complementary nature of these two axiomatic definitions will be exploited in this paper.
A fundamental architecture definition process can then be expressed as follows: use domain knowledge of a collection of objects to interpret concepts and properties into the terms and relations of the axiomatic definition of architecture. The interpretations into a realization of the structural type will be seen to result in models of the collection. The architecture and associated models can be as technically precise as the mathematical interpretations of the definition, and as intuitive as the domain language used. This process will be referred to as Essential Architecture Definition. The term is used in the sense of Yourdon Structured Analysis [13] in which 'essential' means necessary or essence.
C. STRUCTURE OF THE PAPER
The Introduction has established the problem to be addressed and provided context. Axiomatic definitions have been offered. Sections II and III will provide a historical and theoretical background. Section II is a brief history of relevant definitions of architecture and significant points about their evolution. It also has a brief summary of early attempts at system architecting (which is another name for architecture definition), its relation to system engineering, and issues associated with the definition of terms. Section III provides an explanation of conceptual structures and Tarski model theory that should be accessible to a general audience. It concludes with a comparative analysis of the key terms used in the currently adopted definition and the axiomatic definition. These will be seen to be in general agreement. The analysis will also address some of the ambiguities in the currently adopted definition.
Section IV builds on these foundations to show how an architecture definition process can be implemented that supports system design. The architecture definition process is also applied to functionality in systems. This provides a demonstration of the validity of the axiomatic definitions offered in Section I-B. Section V applies the process to the specification of a calibration system for diesel engine emissions reduction. Constraint driven design methods are applied to the calibration problem. This demonstrates the engineering utility of the proposed architecture definition process. Section V concludes with how the process and axiomatic definitions have been used in an MBSE standard concerned with constraint driven design.
Three appendices are also provided for the more specialized technical details that support the main body of this paper. The one on essential mathematics explains class and set theory in general terms, Tarski model theory, and Category theory. The second one further elaborates how the pairing of architectural properties with structural type can be used to provide a formal underpinning to architecture frameworks; and the third one provides background on the emissions problem in the case study.
